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1. Introduction 

7— I 1 

The Witt algebra W is an infinite dimensional Lie algebra over the complex field C, 
\q ', with basis {L m m 6 Z} and the defining relations: 

m; [L m , L n ] = (m - n)L m+n , for any m, n G Z. 

OV 

The unique nontrivial one- dimensional central extension of W is the Virasoro algebra 
Vir, which is closely related to Kac-Moody algebras and plays an important role in 2D 
j> ! conformal field theory. There exist different generalizations of the classical Witt algebra 



and the Virasoro algebra, which have been studied by many authors (see for example 
H DSl ES [231 EQ, etc.). In [J7] and [13], a class of representations I(a, b) = CI m 

for W with two complex parameters a and b were introduced. The action of W on 
I (a, b) is given by 

L m ■ I n = -{n + a + bm)I m+n , Vm, n e Z. 

I(a, b) is the so called tensor density module. In [25J, the representations of W(2, 2) have 
been studied in terms of vertex operators algebras. In [21J, they consider a generation 
of the Witt algebra W: 

W(a,6) = 0CL m 0C/ n 
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and determine its structures. W(a, b) has been considered in the mathematical and 
physical literature in [18]. In this paper, we consider the following generalization of 
the Lie algebra W(a, b) (reference to [21]). 

Let W s (a, b) = CL m C/ n CYfc + i/ 2 equipped with the following brackets: 



[L m , L n ] = (m - n)L m+n , (1.1) 

[L m , I n ] = -{n + a + bm)I m+n , (1.2) 

1 — m + a + bm 

[L m , Y n+1 / 2 \ = -{n H - >y m +n+i/2, (1-3) 

[Wn]=0, (1.4) 

[Ym+1/2, Yn+1/2] ={m- n) Im+n+i, (1.5) 

[4^+1/2] = o. (1.6) 



for all m,fiGZ, Then W s (a, 6) is an infinite dimensional Lie algebra over the complex 
field C. The Lie algebra W g (a, b) is actually the same as L a ^ which is called the 
original deformative Schrodinger-Virasoro algebras by [16J up to isomorphism. In [16] , 
the second cohomology group of original deformative Schrodinger-Virasoro algebras 
were determined. It is clear that W g (a,6) ~ W x I g (a,6), where W is the Witt 
algebra and l s (a,b) = CJ m CY n+1 / 2 is an ideal of W g (a, b). In this paper, our 

mgZ n&L 

aim is to determine the derivation algebra and the automorphism group of W g (a, b). 

2. The derivation algebra of W g (a, b) 

Let G be a commutative group, q = Q g a G-graded Lie algebra. A g-module V 

g&G 

is called G-graded, if 

V = Q)V 9eG , g g V h CV g+h , Wg,heG. 

geG 

Let q be a Lie algebra and V a jj-module. A linear map D : g — > V is called a 
derivation, if for any x,y E g, 

D[x,y] = x.D(y) - y.D(x). 

If there exists some v G V such that D : x i— > x.f , then D is called an inner derivation. 
Denote by Der($j, V) the vector space of all derivations, Inn(g, V) the vector space of 
all inner derivations. Set 

H 1 (g,\/) = Der(g,\/)/Inn(g,\/). 

Denote by Der(g) the derivation algebra of g, Inn(g) the vector space of all inner 
derivations of g. 
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In this section, we shall determine all the derivations of the Lie algebra W g (a, 6). 

Lemma 2.1. For the Lie algebra W g (a,6) defined in U.l\) - l[T~b]) , we have 

(1) As Lie algebras, W g (a, b) ~ W g (a + k, b) for any k £ 2Z . 

(2) W g (a,6) is perfect. 

(3) £/ie center o/W g (a, 6) is 

o»tcw.(«,6)) = / c/ °' ^<»-< - >- 

I 0, otherwises. 

(4) W g (a,6) /ios a natural ^Z-grading defined by 

W g (a,6) = W g (a,6) f = (0 W g (a, 6) m ) 0(0 W g (a, 6) m+| ), 

m£Z m£Z m£Z 

w/jere W g (a,6) m = CL m C/ m , W g (a, 6) m+ i = CF m+ i . 

Proof. It is straightforward to prove the lemma by the definition of W g (a, 6). □ 
Remark 2.2. By (1) of Lemma \2.1\ we may assume that a = or a = 1, i/a £ Z. 

By Proposition 1.1 in [5], we have the following lemma. 
Lemma 2.3. 

Der(W g (a,6)) = Der(W g (a, &))» , 
w/iere Der(W g (a, 6)) 2 W g (a, 6) m C W g (a,6) I n± s /or aWm,n £ Z. 

□ 

Lemma 2.4. For anj/O^n eZ,o^ 1, we have H 1 (W g (a, 6) , W g (a, &)») = 0. 
Proof. We have to prove 

H 1 (W g (a,6) ,W g (a,6) m ) = 0, Vm £ Z, m ^ 0, 

and 

H 1 (W g (a,6) , W g (a,6) m+ i) = 0, Vm £ Z. 

(l)For any nonzero integer m, let (p : W g (a, 6)0 1 — > W g (a, b) m be a derivation, then 
we may assume 

<p(L ) = a x L m + bj m , (p(I ) = a 2 L m + b 2 I m , 
where a i: £ C, i = 1,2. Because ^[L ,/o] = [^(-^o),^o] + [-^0,^(^0)], we get 

02(777. — a) = 0, ai(a + 6m) + 62777 = 0. (2-1) 



Since a — or a — 1 or a G" Z, we have 6 2 = — ai ( a + fem ) anc l the following several cases. 
Casel. a = or a ^ Z. We have a 2 = and 

ip{L ) = a x L m + M m , y?(/ ) = J m . 

m 

Set £ m = -— L m — — I m , we have <p(L ) = [L ,E m ] and <p(I ) = [I ,E m ], which 

m m + a 

suggests that if G Jnra(W g (a, 6) , W g (a, 6) m ). 
Case2. a — 1. 

Subcase2.1: m^l. By (12. ip . we have a 2 = 0. 

If m 7^ — 1. Set £? m = -L m — I m , we also have 

m m + 1 

y?(L ) = [^0, -Em] <p(I ) = [I , E m ]. 

Sotpe Jrm(W g (a,&) ,W g (a,6) m ). 

If m = —1. Set E_i = —a\L_xi we have 

<p{L ) = adE^{L ) + y>(/ ) = adE_i(J„). 

Subcase2.2: m = 1. By (12. ip . we have a 2 G C and 

y?(L ) = aiLi + 61/1, y?(/ ) = 02^1 - ai(l + b)h. 
Set i?i = —a\L\ — we have 

<p(L ) = ad(-Ex)(L ) <p(I ) = ad(-£i)(/ ) + a 2 L x . 

(2) For all m G Z, let ip : W g (a,6) 1 — > W g (a,5) m+ i be a derivation, then we may 
assume 

<p(L ) = axY m+ i, (p(I ) = hY m+ i, 
where ax, 61 G C. Since ip[L ,I ) = [ip(L ),I ] + [L ,ip(I )), we have 

1 + a, 

y 

then 



<p(-al ) = -ahY^i = [L ,6iF m+ i] = -&j(m + — — )Y m+ i, 



h[^-(m+l)]Y m+h =0. (2.2) 



Casel. a = or a G" Z. By (12. 2p . we have b\ = and 

V?(L ) = aiF m+ i, p(io) = 

Set EL, 1 = ~r — ; — I!,. 1, we have 



s 1 + a m+ r 

m H 

2 

y>(Lo) = ai^ m+ i = [E m+ i,L ], ip(I ) = = [E m+ i, J ]. 



So ip G Jnn(W g (a,6) ,W g (a,6) m+ i). 

Case2. a = 1. By ( ]2.2[) . if m 7^ 0, we have 61 = and 

¥>(L ) = ai^m+i) <p{I Q ) = 



If m 7^ —1, set i? m+ i = — Y m+ i, we have 
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7/7+ 1 



^(L ) = [E m+ i,L ] = adE m+ i(L ), <p(I ) = = adE m+ i (J ). 

If m = — 1. By the relations of brackets for W g (a, 6), we know is an outer derivation. 
By ( 12. 2p . if m = 0, we have b\ G C and 



<p(L ) = aiYi, y?(/ ) = hYi. 

Set £7i = a{Yi, we have 
2 2 

<p{L Q ) = [Ei,L ] = adEi{L ), <p(I ) = adEi(I ) + b x Y,_. 

This completes the proof of lemma. □ 

Lemma 2.5. Hom Wg ( aiij ) (W g (a, b) m , W g (a, 6)«) = /or all m,n & Z, m 7^ n, a 7^ 1. 

Proof. We have to consider the following four identities: 

Hom wg(aib)o (W g (a,6) m , W g (a,6) n ) = 0, m^n,m,neZ; (2.3) 

Hom Wg(aib)o (W g (a,6) m ,W g (a,6) n+ i) = 0, m,nGZ; (2.4) 

Hom Wg(ajb)o (W g (a,6) m+ i, W g (a,6) n ) = 0, m, n e Z; (2.5) 

Hom Wg(ai&)o (W g (a,6) m+ i, W g (a,6) n+ i) = 0, m 7^ n, m, n G Z. (2.6) 

For integers m 7^ n, let / G Homws(a,b) (W g (a, 6)™, W g (a, 6)a), then for _E G W g (a, 6)0, 
-E m G W g (a, 6)™ , we have 

/([£*,,%]) = /(%)]■ (2.7) 

(l)It follows from /([L ,L m ]) = [L ,f(L m )] that f(-mL m ) = [L ,f(L m )]. Assume 
f(L m ) = a\L n + bil n , we have —ma\L n — mb\I n = —a\nL n — b\nl n — b\al n . Since 
m 7^ n, we get 

oi = 0, (m - 71 - o)6! = 0. (2.8) 

For a = or a G' Z, we have b\ = and f(L m ) = 0. On the other hand, 
we have f([L Q ,I m ]) = [L ,f(I m )}. Similarly, we have f(I m ) = 0. Therefore, 

Homws(a,b) 

(W g (a,6) m ,W g (a,6) n ) = 0. 
For a = 1. By (J2~2]), we get 

61 = 0, m — n 7^ 1; b\ G C, m — n = 1. 



So f(L m ) = b\I m -\. Consequently (12. 3 j) holds. 

(2) By f([L ,L m ]) = [Lo,f(L m )] and /([L ,/ m ]) = [L ,f(I m )] we have 

m/(L m ) = (n+^)/(L m ), (2.9) 

(m + a)f(I m ) = (n+ i±^)/(/ m ). (2.10) 

For a = or a ^ Z, obviously, f(L m ) = and f(I m ) = 0. 
For a = 1, by and (12TT01 . we have 

f(L m ) = 0, m-n^l; f(I m ) = 0, m ^ n. 

Then 

Hom W g {flif) ) (W g (a, b) m , W s (a,b) n+ i) = 0, a ^ 1, 
which shows (12.41) . 

(3) By ([5TD, we have f([L , Y m+ t}) = [L , f(Y m+ i)}. Assume /(F m+ i) X n L n ~\~ Dnlni 
we have ^ 

- (m H — ){x n L n + y n I n ) = -x n nL n - y n (n + a)/„. (2.11) 

For a = or a Z, we have i„ = 0, y n = 0. Then /(F m+ i ) = 0. For a = 1, by (12. lip , 
we have 

(m + 1 — n)x n = 0, (m — n)y„ = 0. 

So 

i„ = 0, m — n 7^ — 1; y„ = 0, m^n 

Therefore 

Hom wg(ai6)o (W g (a,6) m+ i, W g (a,6)„) = 0, a ^ 1. 

This shows (12. 5|) . 

(4) Assume /(K TO+ i) = x n Y n+ i, by /([L , V^i]) = [L , f(Y m+ i )], we have 

(™ + 1 ^)/(^ m+ i) = (n + ^)J(^). 
Since m ^ n, we get /(l^+i) = 0. So 

Hom wg(ajb)o (W g (a,6) m+ i, W g (a,6) n+ i) = 0,m/n. 
This proves (12.61) . □ 

By Lemma [2.4H2.5I and Proposition 1.2 in [5], we have the following Lemma. 
Lemma 2.6. 

Der(W g (a,6), W g (a,6)) = Der(W g (a, 6)) + Inn(W s (a } b)) + Der(W g (a, 6))i 

+ Der(W g (a, + Der(W g (a, &)) i + Der(W g (a, 6))_i . 
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Lemma 2.7. (1) Up to isomorphism, for (a, b) (jL {(0, 0), (0, 1), (0, 2)} ; we have 

H 1 (W g (a,6) f , W g (a,6) f ) = CD, 

where 

D(L m ) = 0, D(I m ) = I m , D(Y m+ i) = Y m+ i, VmGZ. 

(2) H 1 (W g (0,0) f ,W g (0,0) f ) = CDi0C.D2 0C.D3, where 

D 1 (L m )=mI m , D 1 (/ m ) = 0, D 1 (Y m+ i) = 0, 

D 2 {L m ) = (m - l)/ m , D 2 (/ m )=0, D 2 (r m+ i) = 0, 
D 3 (D m ) = 0, D 3 (/ m ) = J m , D 3 (F m+ i) = Y m+ i , VmGZ. 

(3) H^W^O, % ,W g (0,l) f ) = CDi0CD 2 , w/iere 

D 1 (L m ) = 0, D 1 (/ m )=/ m , 5 1 (y nH .i)=y m+ i; 
D 2 (L m )=m(m-l)I m , D 2 (/ m ) = 0, D 2 (F m+ i ) = 0V m G Z. 

(4) H 1 (W g (0,2) f ,W g (0,2) f ) = CD!0CD 2 , where 

D 1 (L m ) = 0, D 1 (/ m )=J m , 5 1 (y m+ i)=y m+ i; 
D 2 (L m ) = m 3 I m , D 2 (I m ) = 0, D 2 (y m+ i ) = V m G Z. 
Proof. For D G Der(W g (a, 6), W g (a, 6)) , assume that 

D(L m ) = a™L m + d^I m , D(I m ) = cu^Lm + d^J-m-, D(Y m+ i) = b mJr ^Y m+ ^ 

for all m G Z, where a^,6 m+ ^ G C,i,j = 1,2. By the definition of derivation and the 
product in W g (a,6), we get 

(m - n)<l +n = (m - n)af x + (m - nX, (2.12) 

(m - n)af 2 +n = (m + a + &n) a i2 - (n + a + 6m)aJ 2 , (2.13) 
- (n + a + 6m)a 2 " 1 +n = (m-n^, (2.14) 
(n + a + bm)a 2 n 2 +n = (n + a + bm)a™ 1 + (n + a + bm)a\\, (2.15) 

(n + 1 ' m+ 9 a + &m )6^ = (n + 1 ~ m+ 9 a + &m )(ar i + (2.16) 

(m + a + ftn)^! = (n + a + 6m)a^, (2.17) 
. 1— m + a + bm, „ 

(n+ )a 2 ra 1 = 0, (2.18) 

(m - n)a™ +n+1 = 0, (2.19) 

(m - n)a 2 n 2 +n+1 = (m - n)6 m+ ^ + (m - n)& n+ 2 , (2.20) 



for all m, n G Z. Let n = in ( 12321) -( 12TT51) . we have 

a?! = 0, (2.21) 

(a + bm)a° l2 = aa™ 2 , (2.22) 

- (a + bm)a 2 n 1 = ma° 21 , (2.23) 

(a + bm)a 2 n 2 = (a + 6m) « + a° 2 ). (2.24) 
On the other hand, let m = in (12.141) and f 1 2 . 1 8 [) . we get 

a< = 0, a° 21 (n + ^^) = (2.25) 
It follows from f l2TT2l) . (I2TT9D and f l2T20l) that 

a m+n+l = m _t ^ 

a% 2 +n+l = 6 m+ 5 + 6 n+ 5, m ^ n. (2.27) 
Let m = —n ^ in (I2.26f) and combine (12.211) . we have 

a - m = -a™, VmGZ. 

On the other hand, let n — 1 in (12. 261) . we have 

a m+i = a m + a i^ m ^i_ (2.28) 

By induction on m 6 Z + in (12.281) . we get 

a™ = a 2 n + (m - 2)a l n , m ^ 1. (2.29) 
Let m, = 4, 77 = —2 in (I2.26p . we have 

a 2 u = 2a\ v (2.30) 

Combine (12T291 and fl2T30l . we get 

a™ = 777.012 , Vm G Z. 

Let 777 = in f[2TT9]) . we have a^ +1 = 0, n ^ 0. Moreover let n = -m ^ in (12491 . 
We also have a 21 = 0. So we get 

a™ =0, Vm G Z. 

^2 —|— hin 

Case 1: a £ Z. By fl2~22l . we have a^ 2 = a? 2 for all m G Z. 

a 

Subcase 1.1: If bm + a ^ for all m G Z, By (l2T24"j) . we have 



m 
u 22 



a ll + °22 = ma ll + a 22' ^ m ^ ^ 



. Let n = in ( 12.271) . we have 

b m+1 2 = a™ +1 -63 = (m + l)a^ + a° 2 - 6a, m ^ 0. (2.31) 
On the other hand, let n = 0, m = 1 in (12. 16[) and use (I2.3ip . we have 

b\ = b 1+ ^ - a l u = a\ x + a° 22 - (2.32) 

So 



11 ' "22 







2 

Combine ( l2~3Tj) and ( 12T32|) . we get 
Then 



ci "I - bin 

D(L m ) = ma n L m H a^m, £>(/„) = (ma u + a° 2 )/ m , 

a 

,D(r m+ i) = [(m + -)a^ + ^a° 22 ]Y m+ i , 
a 

for all m6Z. Set i?o = — aji-^o H — — -^th then 

a 

D(L m ) = adE (L m ), D(I m ) = adE (I m ) + (a° 2 - aa\\)Im, 

D{Y m+ i) = adE (Y m+ i) + ^{a° 22 - aa^Y^i, 

for all m G Z. Let D G H 1 (W s (a, 6) ™, W g (a, 6) -) such that 

D(L m ) = 0,D(I m ) = I m ,D(Y m+ i) = Y m+ , 

for all m G Z, then we have 

H 1 (W g (a,6) f , W g (a,6) f ) = CD. 

Subcase 1.2: If there exists some fi G Z such that 6/i + a = 0, then it follows from 
(I2T24D that 

«22 = °u + a 22 = ma \i + a 22> fi. 
Obviously, fi ^ 0, (or else a = 0, a contradiction.) Letting m = n = fi in (I2.15p . we get 

/J* 2fl /J, r, 1 , Q fl 1 . Q 

fl 22 ~~ a 22 — fl ll ~~ ^\ld\\ T~ 0,22 ~ a ll ~ f J,a ll ' a 22- 

Therefore, we still have aW = maj x + a 22 for all m G Z. Let m = /i, n = — /i in (12.1 6p 
and use (I2.3ip . we have 

According to ( 12. 3 1 j) . we still get b m+ ^ — (rn + \)a\i + ha 22 f° r an m £ ^ Then we 
have the same result as Subcase 1.1. 
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Case 2: a = 0. From (12T221) we get ba° 12 = 0. Obviously, a? 2 = when 6^0. Let 
n = — m in (12 . 1 3f) . then we have 

(1 - b) [a™ + a~ 2 m ] = 2a° 12 , m + 0. (2.33) 

Subcase 2.1: 6 = 0. From fl2TT3|) and fl2TT5|) . we have 

(m - n)a^ +n = mof 2 - n< 2 , (2.34) 

a™ +n = a™+a n 22l n^O. (2.35) 
Let n = 1 in (I2.34p and (I2.35j) respectively, we have 

(m - l)a^ +1 = ma™ - aj 2 . (2.36) 



m+l n m , „1 

22 



a™ + a 22 = majj + a 22 , Vm G Z. (2.37) 
On the other hand, let n — 1, to = — 1 in (I2.35p . we have 

fl 22 = a n + a 22- (2.38) 
From (I2.37P and (I2.38p . it is easy to deduce that 

= mojj + a 22 , Vm G Z. 

It follows from ( 12T33D that 

a" m = 2a? 2 - a™ , V m G Z. (2.39) 
By induction on m > 1 in (I2.36p . we can deduce that 



a 



12 



(m — l)a\ 2 — (m — 2)a} 2 , m > 0. 



Set m = — 2 in (12.361) and use (12.391) . then we get 

a 12 = 2a 12 — a 12 . 
Combine the two identities, we have 

fl 12 = ma l2 — (jn — l) a ?2> ^ m ^ ^- 
Let n = 0, m = 2 in (12.161) and use (12.311) . we have 

So we get 

6 m +l = + 65 = ( m + + _ a ° 2) Vm G Z. 

Therefore, 

D{L m ) = ma^Lm + [ma\ 2 - (m - l)a ( | ) 2 ]I m , 
D(I m ) = (a° 2 + malJlm, D(Y m+ i) = [(to + -)a^ + ^a° 22 ]Y m+ i . 
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for all m G Z. Setting E = — a\ x La, we can deduce that 

D(L m ) = adE (L m ) + [ma\ 2 - (m - l)a? 2 ]J, 



III ! 



D(I m ) = adEo(Im) + al 2 I m , D(Y m+ i) = adE (Y m+ i) + -a° 22 Y m+ i. 

2 2^2 

Let D X ,D 2 ,D 3 e H^W^O^)™ , W g (0,0) f ) such that 

D 1 (L m ) = ml m , D 1 (I m ) = 0, D 1 (Y m+ i) = 0; 

D 2 (L m ) = (m - l)/ m , 5 2 (J m ) = 0, 5 2 (^ m+ |) = 0; 
D 3 (L m ) = 0, D 3 (J m ) = J mj 5 3 (y m+ i) = 

for all m G Z, then they are all outer derivations and 

H^W^O, 0) f , W g (0, 0) f ) = CD, CD 2 CD 3 . 

Subcase 2.2: 6=1. Then a° 12 = 0. By fl2TT3|) and fl2TT5|) . we have 

(m - n)a™ +n = (m + n)[a£ - < 2 ], m, n G Z. (2.40) 

Q m+n = a m + ^ m + n ^ 0. (2.41) 

Letting n = ±1 respectively in (I2.40p and using induction on m, we can deduce 

„ m(m — 1) i m(m + 1) i m(m — l) r , , i 

«r 2 = — ^ -a%2 + -aL = "fe + a} 2 ] + 

for all m G Z. It is easy following ( 12.41 jl to see that 

a 22 = a Ti + a 22 = ma \i + fl 22) m^0. 

So we get 



= majj + a 22 , Vm G Z. 



Letting n = in (12.161) . we get 



fr m +2 = ma ^ + \)\ = (jn + -)aj 1 + -a 

_ _ 



o 

22' 



for all m G Z. Therefore, 

l r f m(m - 1) _j m(m + 1) x 
D\L m ) — ma n L m + [ a 12 H a 12 Ji m , 

D(J m ) = (majj + a° 2 )I m , D(y m+ i) = {{m + -)a^ + ^a° 2 ]F m+ i . 
Set E Q = — a^Lo + a} 2 Jo, then 

772 ( 777 — X ) 

D(L m ) = adE (L m ) H [a^ 1 + a 12 ]/ m , 

D(/ m ) = adE (I m ) + a° 22 I m , D(Y m+ i) = adE,{Y m+} _) + \a\ 2 Y m ^. 
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Let D u D 2 E H 1 (Ws(0, l) f , W g (0, l) f ) such that 

D 1 (L m ) = 0, D 1 (I m ) = I m , D 1 (Y m+l ) = Y m+k - 

D 2 (L m ) =m(m-l)/ m , D 2 (I m ) = 0, A^+i) = 0, 
for all m£Z, then we have 

H^W^O, l) f , W g (0, l) f ) = CDx CD 2 . 

Subcase 2.3: b ^ 0, 1. Then we always have a]~ 2 m = — from (I2.33j) for all m E Z. 
Let n = 1 in (I2.13p . we have 

(m - l)a™ +1 = (b + m)a™ - (bm + l)a{ 2 . 

Then 

(m - 1)K 2 +1 - (m + l)aj 2 ] = (m + &)[<, - ma^]. (2.42) 
Let m = -2 in f !2.42p . we have 

(6-2)[a? 2 -2aJ 2 ]=0. 

Hence 

a? 2 = 2aJ 2 , 6 ^ 2. 
By induction on m in ( I2.42p . we can deduce that 

a i2 = ma i2> ^ m ^- 

By (EMD, we have 

°22 = a ll + a 22 = ma n + o 22 , m E Z. 

Similar to the computations in subcasel.l, we have 

1 ill 
6 m +l = + &^ = ( m + -)a^ + -a 22 , Vm E Z. 

So 

D(L m ) = ma\ x L m + ma} 2 / m , D(/ m ) = {ma\ x + a 22 )/ m , 
= [(™+^Ki + \a° 22 ]Y m+i _ . 

a 1 

Set i?o = — a\iLo H — l - -^), then 

D(L m ) = adE (L m ), D(I m ) = adE (I m ) + a° 22 I m , 

D(Y m+l ) = adE Q {Y m+l ) + ^a° 2 y m+ i. 
Consequently, for b =fi 0, 1, 2, we have 

H 1 (W g (0,6)^,W g (0,6)^) = CD, 
where £(£ m ) = 0, D(/ m ) = J m , S(Y m+ i) = for all m G Z. 
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If 6 = 2, by induction on m in ( 12. 42 p . we have 

_ m 3 — m 9 m 3 — 4m , a?, — 2a} 9 a? 9 — 8a} 9 
= af 9 al 9 = — — m 3 — m, 

12 g 12 g 12 g 6 ' 

for all m G Z. Then 

D(L m ) = ma l u L m + ( " 12 ~ 2fll2 m 3 - ° 12 ~ 8ai2 m)J m , L>(J m ) = (ma^ + a° 2 )/„ 

o o 



D{Y m+ i) = [(m + + ^a° 2 ]y m+ i. 

fl 2 _ g 1 

Set £ = -a^Lo - 12 12 J , then 

a 2 - 2a 1 

D(L m ) = adE (L m ) + 12 12 m 3 / m , D(J m ) = adE (I m ) + a° 2 / m , 

o 

Consequently, we have 

H^W^O, 2) f , W g (0, 2) f ) = CDx C,D 2 , 

where Di(L m ) = 0, D x (/ m ) = I m , DiO^i) = K m+ i; D 2 (L m ) = m 3 I m , D 2 {I m ) = 0, 
£> 2 (y m +i) = for all m G Z. 

Case 3: a = 1. Similar to the above discussions for the case a $ Z completely we 
only need to take a = 1 in these discussions and get the same results as case 1. □ 

Lemma 2.8. Up to isomorphism, 

H 1 (W^(a,6) f ,WS(a,6) f±1 ) = 0. 
Proof. By [21], VX> G H 1 (W g (a, 6) ™ , W g (a, 6) we may assume that 

D(L w ) = 0, D(J m ) = 0, 5(F w+ i) = 6™+ 1+ Iy„ 
By D([L m ,Y n+ i}) = [D(L m ),Y n+l ] + [L m , D(Y n+ i)], we have 

1 — m + a + 6m. , „ , , , i , 1 — m + a + 6m. ,„ , , , i 
(n + )b m+n+1 +2 =(n + l + ^— )6 n+1+ 2 (2.43) 

Let m = in (g35D , we get 6 n+1+ ^ = for all jigZ. So £>(T to+ i) = 0. Consequently, 
we get 

H 1 (W g (a,6) f ,W g (a,6) f+1 ) = 0. 

For H 1 (W g (a, 6)^, W s (a, 6) similar to the above discussion, we have the same 

results. □ 

Lemma 2.9. Up to isomorphism, 

H 1 (W g (a,6)-, W g (a,6)™+i) = 0. 



- m+l+A- 
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Proof. \/D G Der(W g (a, 6)) i , we assume that 

D(L m ) = b™ +1 >Y m+l _, D(I m ) = b™ +h Y m+ i, D(Y rn+ i) = a^ l L m+l + o™ +1 I m+l . 

By the definition of derivation and the bracket for W g (a, b), we have 

m+n+ i 1 - n + a + bn m+± , 1 - m + a + bm n +± 
(m-n)6 1 2 = (mH )6 X 2 - (n H )& x 2 (2.44) 

(n + a + 6m)6 2 2 = (n H - )6 2 2 (2.45) 

(n + 1 - m + a + &m ) Q m+n+l = ( n + ! _ m ) a n+l ( 2 . 4 6) 

(n + 1 ~ m+ 2 a + 6m )ar+" +1 = (n - m)C +2_ + (n + 1 + a + 6m)< 2 +1 (2.47) 
(m - n)C + ^ + (m + a + b(n + 1)K X +1 = (2.48) 



m+n+ i+i _ -m + a + 6(m + l) m+1 -n + a + 6(n + 1) 



+i 



(m - n)^ 2 = -(„ + : 2 v % T + (™ + ; 2 V > ff 

(2.49) 

_______ 771 -)- — — 

Let n = in f !2.44p . we have (1 + a)b 1 2 = (1 — m + a + bm)bl . Since a ^ Z or 
a = 0, a = 1, we get 

C +l = 1 + a ~ m + & "U VmGZ. 
1 + a 

Let m = in (12351) . fl2T46|) and (J23ZD, we have 

(a - l)b^ = 0, (2.50) 
(a - 1K+ 1 = 0, (2.51) 
(a + 1)< 2 +1 = -2n6?. (2.52) 

— 2n i 

Then we get a?^ 1 = , for all n G Z since a G" Z or a = 0, a = 1. Let m = — 1 in 

a + 1 

(EUD and use (EST}, we obtain 

(n + = (n + 1)63 1+ \ G Z. (2.53) 

Case 1: a £ Z or a = 0. It follows from (12301) and (123TJ) that 

= 0, a^ +1 = 0, \/n G Z. 

So 

tffc) = 1 + a r" + &m ^ m +^ = 0, D(Y mH ) = ^-b\l m+x . 

2b 1 ? 

Set E = Yi , then 

1 + a 2 

D(L m ) = adE(L m ), D(I m ) = adE(I m ), D(Y m+1 ) = adE(Y m+1 ). 
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Case 2: a = 1. Let n = — 1 in (12.48p . we have 

6' 2 n+ 5 = - a Q v m ^ _i. (2.54) 

By (I2.53p . we also have 

b 2 1+1 * = baft 1 , (2.55) 
Let n = 0, m = 1 in (I2.45[) and use (I2.54p . we get 

(l + b)a° n = 0. (2.56) 
On the other hand, let m + n = — 1 in (I2.46p . we get 

cC^^a?,, (2.57) 
Subcase 2.1: 6 = 0. From fl2"34> f l2"3Tp . we get 

6™ + 5 =0 , < x +1 = 0, Vm,nGZ. 
So we have the same results clS CctSGl. 

Subcase 2.2: 6^0. If b ^ -1. By f l236|) . we have a? x = 0, then by fl234p . fl235|) . 
(12.571) . we obtain 

6™ + ^=0, a^ +1 = 0, Vm,neZ. 

So we get the same results as subcase 2.1 completely. 
If b = -1, By (I2TMI) . fl2~55l) . (1237] . we have 

aft-^a?!, 6^ + ^ = -a? 1; Vm,n6Z. (2.58) 



On the other hand, let n = 0, m = 1 in (I2"^P and use (1238]) . we obtain a? x = 0. Then 
= = 0, for all n G Z and ^ 

Lemma 2.10. C/p to isomorphism, 



a ii" 1 = ^2 +2 = 0; f° r all n G Z and we get the same results as subcase 2.1. □ 



H 1 (W g (a,6)-,W g (a,6) II ^i 

2 2 



CD, (a, b) = (1,-1) 
0, eZse 



D{L m ) = 0, D(I m ) = 0, 5(y m+ i) = J m . 
Proof. V-D G Der(W g (a, 6))_i , we assume that 

D(L m ) = I>(im) = C~^ m -l+§, ^(^n+|) = «n^ m + a&Im. 

By the definition of derivation and the bracket for W g (a,6), we have 

(m—n)b 1 2 = (m — lH )b 1 — (n— H )o x 2 (2.59) 
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(n + a + bm)b 2 2 = (n - H )6 2 2 (2.60) 

1— m+a+frm , 
(n + )<} +n = (n - m)<! (2.61) 

(n + 1 ~ m + Q + &m ) a m+n = ( n + ! _ m )^~i + ( n + a + 5 m ) a « 2 ( 2 .62) 

(m- 1 -n)6™~^ + (m + a + bn)a^ = (2.63) 

(m-n)b 2 2 =-(n + ) a ™ + ( m + - )< (2.64) 

Let n = in ( 12.591) and m = in ( 12.60l) -( j2.62l) . we have the following identities 

m-i -i 

(a-l)6 1 2 = (-1 -m + a + 6m)6! 2 , (2.65) 

(a _ i) a « = -2(n + (2.66) 

(o+ 1)6 2 2 = 0, (a + l)a?! = 0. 
Since a ^ Z or a = or a = 1, we get 

b n 2 ^ = 0, a™ =0, VnG Z. 

Case 1: a Z or a = 0. By f|2765T) and fl2T66|) . we get 

■ = _ 1 + a _ m + 6 t 2( B + 1) t gZ _ 

a — 1 a — 1 

Then 

B(Lm) = + D(W = 0> D(y )= ^»+l) 4r J J _. 

U 1 2 ^ (2 1 

_ 1 

2ft 2 

Set E = — - — Y i , so 

D(L m ) = adE(L m ), D(I m ) = adE(I m ), D(Y m+ x) = adE(Y m+ i). 

_ i 

Case 2: a = 1. By ( 12. 66 p . we have 6 X 2 = 0. So let m + n = in ( 12. 59ft . we have 

(3_5)(^-5 + 6 -™-| ) = 0; 

then 

(6j*~5 + ftp"*) = 0, M3,VmGZ. 
On the other hand, let n = 1 in ( I2.59p . we have 



that is 



(m - 1J&! i =(mH — J&! — (1 H —m)b l , 



(m - 1)(C +1 ' - (m+ 1)6} = (m + )(6™ » - mft} *) (2.67) 



Induction on m G Z, m > 3 in ( 12. 67ft . we get 

™- J _ ( 3 + 6)(5 + 6)-(2m-3 + 6) 2 -j _ i-| x-i 
&1 " 2— 2(m-2)! ll 1 j+m&1 • 

Let n = — 1 in ( I2.62p . we have 

— - — ma^T 1 = bma\l — mb™ 2 . 
Subcase 2.1: b = 1. By (I2.67P and using induction, we have 

m-- 2-i l-i 

6 X 2 = (m — 2 — (m — 2)b 1 2 , Vm 6Z,m^0. 
On the other hand, by (I2.69p . we get 

b™ 2 = a^ 1 , Vm 6Z,m/0. 
Let n = in f |2.62j) and use ( I2.7ip . we obtain 

a i2 = ( m + l) a ?2 — (m — l)a^2, 
Let m = — 1 in (12.721) . we get a^ 1 = 0. Consequently, we obtain 

b™~^ = 0, < 2 = (m + l)a° 2 , Vm G Z. 

So 

£>(L m ) = 0, D(I rn ) = 0, D(Y m+ i) = (m + l)a° 12 I m . 
Set -E = — a? 2 y_i, then we have 

D{L m ) = adE{L m ), D{I m ) = adE{I m ), D(Y m+ i) = adE(Y m 
Subcase 2.2: b ^ 1. By (JHE9L we have 

a ™-i = J^ a -i m ^ 0. 

12 6 - 1 12 6 - 1 1 ' r 

Let n + 1 — m = 0in (12.621) , we have 

(n + 1)(6 + l)a 2 ^ +1 = 2(n + 1)(6 + l)a? 2 , 

then 

(6+l)a 2 ^ 1 = 2(6 + lK 2 , 

If 6 ^ -1, we have a 2 ^ 1 = 2a? 2 , n ^ -1. using (12T73D . we get 

fe2m+2 _| = 2 ^ +1 _i _ m ^_ x 

Especially, b\~* - 2b\~^ = -ba^. Combine (12T75|) and (1238|) . we get 

fea^ 1 = 0. 



mb l 



'2 m-1 
5 u 12 



•- b l ~\ VmeZ. 

6—1 



IS 

Consequently, we get 
2 i-i 

Set E = 6, 2 Y_i, then we have 

o — l 2 

D(L m ) = adE(L m ), D(I m ) = adE(I m ), D(Y m+ i) = adE(Y m+ i). 
If 6 = -1, by flZSED, we still have 

b™' 1 * = mb\~*, a™ 2 1 = + mb{~\ Vm e Z. 
Set -E = — 6i 2 Yli, then we have 

2 

D(L m ) = adE{L m ), D{I m ) = adE{I m ), D(Y m+ i 
Then we get 

H 1 (W g (a,6) f , W g (a,6) I n_ i ) = CD, 
Where D{L m ) = 0,D{I m ) = 0,D(Y m+ i) = I m . 

Now, by lemma I2.7H2.10( we obtain the main theorem of this section as following. 
Theorem 2.11. Up to isomorphism, we have 

CD 1 CD° 2 '° CA 



12 *m- 



□ 



H 1 (W g (a,6),W g (a,6)) 



0.2 

2 J 



CD 1 ®CD /, 
CDi CD 

CDi, 



(a,6) = (0,0), 
(a,6) = (0,l), 
(0,6) = (0,2), 
(0,6) = (1,-1), 
otherwise, 



where for all m e Z, 



Di(L m ) = 0, 


E'xiljn) I'mi 


Di{Y m+ ,) = 


Y m +i 1 


(2.77) 


.D2' (L m ) = (m - l)/ m , 


D° 2 '°(I m ) = 0, 




= 0, 


(2.78) 


-D^-km) = (m 2 - m)J m , 


D^\l m ) = 0, 




= 0, 


(2.79) 


U>2 ,2 (L m ) = m 3 J m , 


D° 2 ' 2 (I m ) = 0, 


D° 2 \Y mH ) 


= 0, 


(2.80) 


D 3 (L m ) = ml m , 


D 3 (/ m ) = 0, 


Ds(Y m+ ,) 


= 0, 


(2.81) 


Dl>-\L m ) = 0, 


D\'-\l m ) = 0, 


Dl'-\Y m+ 


l) = Im 

2 


.(2.82) 
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3. Automorphism groups of W g (a, b) 

Denote by 3 the inner automorphism group of W g (a, b). Obviously, 3 is gener- 
ated by {exp ki ad Ii, exp li adYi \ h^U G C, i,j G Z} and is a normal subgroup of 
Aut(W s (a, b)). We can verify easily that 3 is isomorphism to C°° x C°° as sets. But 
by computation, these generators satisfy the following relation: 

(exp a ad Yj+±) (exp /3 ad Y i+ 1 ) (exp a ad 1 ) _1 (exp /3 ad F i+ 1 ) _1 = exp 7 ad U+j+i , 

where 7 = a/3(j—i). And the others is commutable each other. Hence 3 is isomorphism 

to C°° x C°° as groups. 

t 

For any Yl exp(fcj.adii. + /j.adY^.+i) G 3, we have 

t 

\~[ exp(fc ij .ad/ ij + ^.ad^. + i)(4) = 4, (3.1) 

i t 

JJexp(fc ij .adi ij + Z ij adY;. + i)(y n+ i) = Y n+ i + h^ij ~ n)I ij+n+1 . (3.2) 

j=s j=s 

As I s (a, b) is an unique maximal proper ideal of W g (a, b), we have the following lemma. 
Lemma 3.1. For any o G Aut(W g (a, b)), a(I n ), a(Y n+ i) G I g (a, b) for all n G Z. 

□ 

For any a G Aut(W g (a, 6)), denote <r|w = Then according to the automorphisms 
of the classical Witt algebra, we have a'(L m ) = ea m L em for all m G Z, where a 6 C 
and e G {±1}. So we have the following lemmas. 

Lemma 3.2. For a <^Z, Aut(W g (a,6)) = (C°° x C°°) x (C* x <C*). 

where C°° = {(aj)« e z I a i G C, all but a finite number of the aj are zero } ; C* = C\{0}. 

Proof. For any a G Aut(W g (a, b)), assume 

q t 
a(L ) = eL + J2 X ^ + Yl l i Y i+\ ' 

i=p j=s 

where Aj, lj G C, p, g, s,t G Z, p < i < q, s < j < t. 

Since a G" Z, we let n = ]1 exp(^^yadJj) n exp( | J l TS -adK,- + |) G 3, then 

q t q' q' 

ri(eL ) = eL + ^ Vi + (j^+i + X] &fc/fc = + &fc/fc ' 

i=p j=s fc=p' fc=p' 
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where bk G C, p',q' G Z. On the other hand, let T2 = n exp( e( - fc+ fc a . ) adifc) G J and 

r = t 2 Ti G 3, we have r(eL ) = er(L ). Consequently, a = r~ x a and cr(L ) = eL . 
By Lemma [3.11 we may assume 

a(L n ) = a n eL en + ^ X n J ni +^2fi mj Y rn . + i, n^O, 

^( y m+|) = J] euIu + X /« y «+|» 

where each formula is of finite terms and A nj , \i m . , c p , d g , e u , f v G C, rij, rrij,p, q,u,v G Z, 
a G C*, e = ±1. For any n 7^ 0, by the relation [a(L ), a(L n )} = —na(L n ), we have 

K t [e(7ij + a) - n] = 0, // TOj [e^- + ^rp) - n] = 0. 

Since a $ Z, this forces that X ni = 0, n m . = for all rij, G Z. So we obtain 

a(L n ) = a n eL en , Vn G Z. 

Since [a(L ), a(I m )] = -(m + a)a(I m ),[a(L ),a(Y m+ i)] = -(m + i ±^)a(Y m+ i), we 
have 

c p [e(p + a) - (m + a)] = 0, d g [e(g H ^-^) — (m + a)] = 0, 

[/ \ / 1 I . n r . X I , , 1 I 0/ ^ -. 

e(u + a) - (m + -^-)] = 0, /„[e(t; + —^-) - (m + -^-)] = 0. 

Therefore, if e = 1, then p = m,v = m and all cf g = 0, e u = 0; If e = —1, then 

! + 3a , , Z , 2Z — 1 

p = —m — 2a and q = —m — , which implies that a G — and a G — - — . We 

1 + 3a 2Z - 1 

also have all f v = and u = —m — which implies that a G — - — if e = — 1. 

. w ., _ Z 2Z-1, ,, 

Since a Z, either a G — or a G holds. 

2 3 

Z 

If a G — , from the above discussion, it forces that e = 1, otherwise it must be that 

2Z — 1 

&(Y m+ i) = 0, which is contradiction. If a G , we have 

2 3 

a(I m ) = d_ m _^3aY_ m _i±3a + i, a(Y m+ i) = e_ m _^I_ m _i±3a, 

where d_ m _ug*, e_ m _i±za G C*. But by [a(Y m+ i), a(Y n+ i)} = (m - n)a(I m+n +i), we 
have d m n 1 i+3g = which means cr(I m ) = 0. This also is a contradiction. So we 
obtain 

a(L rn ) = a m L m , a(I m ) = c m I m , a(Y m+1 ) = f m Y m+ i, MmeZ. 
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where a,c m ,f m G C*. 

On the other hand, from the relations that 

[a(L m ), a(I n )] = -{n + a + bm)a(I m+n ), 

r-/r \ -/w m / l-m + a + bm._ 
[a{L m ),a{Y n+ i)] = -{n+ )a{Y m+n+ i), 

[v(Y m+ i),a(Y n+ i)] = (m-n)a(I m+n+1 ), 

we have 

(n + a + bm)(C m+n - C n a m ) = 0, a m f n = f m+n , f m f n = C m+n+1 , 

for all m,nGZ. It is easy to deduce that 

C m = f m = a m ^/aj2, Vm G Z, 

where /i is a nonzero complex number. Therefore, 

a(L m ) = a m L m , a(I m ) = a m fil m , a{Y m+h ) = a™^j V m G Z. (3.3) 

Conversely, if a is a linear operator on W s (a, 6) satisfying (13. 3ft for some a,fi G C* , 
then it is easy to check that a G Aut(W g (a, 6)). Denote by a(a, /i) the automorphism 
of W g (a,5) satisfying (13. 3p . then 

a(ai, yUi)a(a 2 , ^2) = o-(«i«2, (3.4) 
and cx(ai,/ii) = <x(a2,/i2) if and only if ai = 02, /ii = /i2- Let 

Cll = I G C*}. 

By (E3D, ai = C* x C* is a subgroup of Aut(W g (a, 6)). On the other hand, similar to 
the proof in (ZJ, [8] or [22], 3 = C°° x C°°. Consequently, we have 

Aut(W g (a, &)) = 3 x 01 = 3 x (C* x C*), 

where a G" Z. □ 

Lemma 3.3. For a = 0, Aut(W g (a,6)) = (C°° x C°°) x (Z 2 x (C* x C*)). 

where C°° = {(aj)i S z | a,i G C, all but a finite number of the are zero } ; Z 2 = Z/2Z ; 

C* = C\{0}. 

Proof. For any a G Aut(W g (a, 6)), cr(Lo) is the same as in lemma l3~2l Since a = 0. Let 

ri = n exp(— ad/j) 1 | exp( — — — 7— adF.i) G 3, where i 7^ 0. We use the same idea 
i= P « +i <3 + d 

as in Lemma [3T21 then there exists r G 3 such that a(L ) = r(eL ) + X I . Set ex = r~ l a, 
then a(L ) = eL + Ao-To- As the assumption in Lemma [3T2l for any fi/0,m6Z, since 

[a(L ),a(L n )] = -na(L n ), [a(L Q ),a(I m )] = -ma(I m ) 
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we have 



/i m , [e{mj + -) - n] = 0, d q [e{q + -)- n ] = Q. 



This forces that n m . = 0, d q = for all rnj, q G Z. Therefore, 

a(W(a,b)) = W(a,b). 

On the other hand, according to [a(L ),a(Y rn+ i)] = — (m + -)(x(l^ n+ i), we have 

2 ^ 2 

e u (ew - m - -) = 0, f v [e(v + -) - (m + -)] = 0. 
1 1 

So e u = 0, v = e(m H — ) and 

"^Vm+f ) = /e(m+i)-i^e(m+i)' 



for all m G Z. Consequently, by [21] . we have the following cases. 
Case 16 = 0. Assume 

a(L m ) = ea m L €m + a m (cm + d)I em , a(I m ) = a m fil em , 

°(Y m+ i) = / e(m+ i)_iy e(m+ i) V m G Z, 
where a, /i, / e ( m+ i)_i G C*, c,deC. By 

[CT(L m ),CT(F n+ i)] = )a(y m+n+ i), [a(F m+ i ), a(F n+ i )] = (m-n)a(/ m+)t+ i), 

we have 

/e(m+i)-| = « m / e( o+|)-|> e/ e(m+ |)-i/ e ( n+ i)-i = 
It is easy to deduce that 

/ e (m+|)-i = ^v 7 ^- 

Therefore 

a(L m ) = ea m L tm + a m (cm + d)I em , a(I m ) = a m ^I em , (3.5) 

a(r m+ x) = a m « (l n + i) V m G Z. (3.6) 
Denote by <r(e, a, /i, c, d) the automorphism of W 9 (0, 0) satisfying ( 13. 5p and ( 13. 6p . then 

o-(ei,ai,/ii,ci,di)a-(e 2 ,a 2 ,/i2,C2,(i2) = ^(ei^, af "2, Ci+//iC 2 , e 2 c? 1 +^ 1 d 2 ), (3.7) 

and a(ei,ai,/ii,ci,rfi) = o-(e 2 , a 2 , c 2) g? 2 ) if and only if ei = e 2 , oti = cn 2 , /ii = // 2 , 
ci = c 2 , d\ = c? 2 . Let 

a e = a(e, 1, 1,0,0), f B)A , = a(l, a, //, 0, 0), a Cjd = a(l, 1,1, c,d) 
a 3 = {a, | e G {±1}}, b 3 = {r ai/1 | a, fi G C*}, c 3 = {a C;d \c,de C}. 
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From ( 13. TP we can see that CI3, b 3 and C3 are all subgroups of Aut(W 5 (0, 0)), and 
a 3 = Z 2 , b 3 = C* x C*, c 3 = C x C. Using (jHHJ, flH2) and fl3?fjl . one can deduce that 
3 commutates with c 3 . By (13 .7p . we have the following relations: 

^^a,n = o"(e, a, fi, 0, 0), f a ^a C)d = a(l, a, //, fie, fid), a e a c>d = a(e, 1, 1, c, d), 

Ta^Ve = « e , A*, 0, 0), a Cjd f QjAt = a(l, a, ft, c, d), a CiCZ a e = a(e, 1, 1, c, ed), 

Ta,fj,^efa,fi = O^"' \ 1, 0, 0), a e f a ^a t = Tofi,ni 

&c,d f a,^c,d = a ; A*> (A* _ l) c > - 1)^), T~^a c4 f a ^ = a^-i c ^-i d , 

°c,d°t°c,d = &(e, 1, 1, 0, (1 - e)d), a e a Ctd a e = o C)td . 

Therefore, 3c 3 is an abelian normal subgroup of Aut(W 9 (0, 0)). Similar to [22], we 
have 

Aut(W(0,0)) = (3c 3 ) x (o 3 x b 3 ) = (C°° x C°°) x (Z 2 x (C* x C*)). 

Case 2 6 = 1. According to [21], we may assume 

a(L m ) = ea m L em + a m m[mc + d]I em , a(I m ) = a m fil €m , 

o{Y m +\) = / e(m+ i)-i^( m+ i), VmeZ. 
where / e ( m+ i)_i G C*, c,d E C. Similarly, we can deduce that 

/ e(m+ i)_| = a m ^feajl. 

Therefore 

a(L m ) = ea m L em + a m m(cm + d)I em , a(I m ) = a m [il em , (3.8) 

HY m+ i) = « m v^ Ye(m+i) VrneZ. (3.9) 
Denote by a(e, a, \i, c, d) the automorphism of W 9 (0, 1) satisfying (13.81) and (13. 9p . then 

a(ei, «i, /ii, ci, di)o-(e 2 , a 2 , ^2, c 2 , d 2 ) = o{t x e 2 , a\ 2 a 2 , /ii/i 2 , e 2 ci + /iic 2 , di + /iid 2 ), 

(3.10) 

and a-(ei, a x ,//i, Ci, di) = <r(e 2 , a 2 , /x 2 , c 2 , d 2 ) if and only if e x = e 2 , a x = a 2 , /i X = /i 2 , 
ci = c 2 , di = d 2 . Let 

a £ = a(e, 1, 1,0,0), f Q)M = a(l, a, /x, 0, 0), a Cid = a(l, 1, 1, c, d) 

a 4 = {o- e I e G {±1}}, b 4 = {r aiAt | a, /i G C*}, c 4 = {a Cj(i | c, d G C}. 

From (I3.10P we can see that 04, b 4 and c 4 are all subgroups of Aut(W 9 (0, 1)), and 
o 4 ^Z 2 ,b 4 = C t xC* 1 C4 = CxC Similar to the proof above, using (EH), (Q and 
( 13. lOH . we also have 3 commutates with c 4 . By (I3.10p . we have the following relations: 

&ef a ,(i = a(e, a, /I, 0, 0), f a ^a C)d = a(l, a, /i, /ic, /id), a e a Cj(i = a(e, 1, 1, c, d), 
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f a ^o t = a(e, a e , //, 0, 0), a c>d f a ^ = <r(l, a, fx, c, d), a c>d a e = a(e, 1, 1, ec, d), 
f a,iJp^oi,ti = a l ~\ 1, 0, 0), a e f a ^a e = f aSAt , 
°c4 f a^°c4 = ct(1, a, /i, (/i - l)c, (/i - f~^a C)l ff a ,n = ^n-^-Hi 

& c,d^c,d = o-(e, 1, 1, (1 - e)c, 0), a e a c4 a e = a ec4 . 
Therefore, Jc^ is an abelian normal subgroup of Aut(W 9 (0, 1)) and 

Aut(W 9 (0, 1)) = pc 4 ) x (04 x M = (C°° x C°°) x (Z 2 k (C* x C*)). 

Case 3 b ^ 0, 1. By [2TJ, we assume 

a(L m ) = ea m L tm + a m m\J em , a(I m ) = a m fil em , 
H Y m+l) = / £ (m + i)-l^ (m+ i), Vm G Z. 

Similarly, we still have 

fe(m+i)-i = « m \%. Vm G Z - 

Therefore 

a(L m ) = ea m L tm + a m m(cm + d)I em , a(I m ) = a m fil em , (3.11) 
a(Y m+l ) = a m ^J Y <m+l) V m G Z. (3.12) 
By the automorphism group of X B (0, —1) in [7], we have 

Aut(W 9 (0,6)) = (C°° x C°°) x (Z 2 x (C* x C*)), 
where b ^ 0, 1. □ 

Lemma 3.4. For a = 1, Aut(W*(a,&)) = (C°° x C°°) x (Z 2 x (C* x C*)). 

where C°° = {(aj)j g ^ | dj G C, all but a finite number of the a« are zero }, Z 2 = Z/2Z ; 

C* = C\{0}. 

Proof. For any a G Aut(W 9 (l, b)), similar to the ideas in lemma I3~2l3.3t there exist 
r G J and a = r~ l a. We may assume that 

cr(L ) = eL +A_ 1 /_ 1 +/_ 1 r_ 1+ i, a(L n ) = ea n L en +a n X n ,4,+a" ^ Mm/ mj+ | , Vn ^ 0, 

^( J «) = c p J p + H d 9 y 9 +i> = « n X] euIu + S V n G Z, 

where each formula is of finite terms and X ni , fj, mj , c p , d q , e u , f v G C, rii, rrij,p, q,u,v G Z, 
a G C*, e = ±1. By identities 

[a(L ), a(L n )] = -na(L n ), [a(L Q ), a(I n )) = -(n+ l)a(I n ), 

[a(L ),a(Y n+ i)] = -(n + l)a(Y n+ j.), 
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we have 

H mj [e{rrij + 1) - n] = 0, A_i&n7 en _i = J^[e(ni + 1) - n\X n J ni . 

d q [e(q + 1) - (n + 1)] = 0, e c p (p + l)7 p + ^ l-id q (q + 1)7, = (n + 1) ^ c p 7 p , 
e u [e( M + 1) - (n + 1)] = 0, f v [e(v + 1) - (n + 1)] = 0. 

So 

rrij = en — 1, A_i& = 0, rii = en — 1, 
Z_i = 0, p = q = e{n + 1) — 1, u = v = e{n + 1) — 1, 

and 

o"(7 ) = e7 + A_i7_ 1; ct(L„) = ea n 7 m + a n A en _i7 en _i + a n /i m _iF m _ 1+ i , 
o"(7 n ) = c e ( n+ i)_i7 e ( n+ i)_i + d e ( n+ i)_iy e ( n+1 )_ 1+ i, 
o-(K„ + i) = a n e e(n+ i ) _i7 e(n+1) _ 1 + / e(n+1) _ 1 y e(n+1) _ 1+ i. 
On the other hand, for m ^ n, by [a(I m ), o"(7 n )] = 0, we have 

^e(m+l)-l^e(n+l)-l e ( m ~ n) = 0. 

So 

de(n+l)-l = 

for all jigZ. Consequently, by [cr(L m ), cr(7 n )] = —(n + 1 + bm)a(I m+n ), we have 
(n + 1 + &m)(a m c £(n+ i)_i - c e(m+n+1) _ 1 ) = 0. 

We can deduce that 

c e (m+i)-i = « m M, 

So 

d-(7 m ) = a>/ e ( m+ ^i, VmeZ (3.13) 
where /x is a fixed nonzero complex number. For m ^ n, by 

[ff(7 m ),a(7„)] = (m-n)a(L m+n ), [a(L n ),a(Y m+ i)} = -(m+l + — — )a(F m+n+ i), 

[^( y m+i).*( y n+i)] = (m-n)ff(7 m+n+ i), 

we have 

(b — \\n (b — 1)t/2 
fJL m -i[m H ] - Hen-i[n H ] = (to - n)/j e(m+n) _i, (3.14) 

li tm -\^€n-\A m ~n) + A em _i(m + bn) - A en _i(n + 6m) = (to - n)A e(m+n) _i, (3.15) 
(h — \\ n 

(to+H )a m+n e e(m+n+ i)_i-(m+l+6n)a m+n e e(m+ i)„i = e(m+l-n)a n /i en _i/ e(m+ i)_i, 



1 + ^ — = m + 1 + ^ — 



(3.16) 



tt"/e(m+l)-l(m + H ) = (TO + H )/ e(m+n+ i)_i, (3.17) 
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f eim+iyi f <n+iyi e = a m+n+1 fi. (3.18) 
Let n = in (13.161) and (I3.18p . we have 

= 0, / e ( m+1 )_i = ea m+1 fif~\ Vm G Z, 

where f~\ = f is a fixed nonzero complex number. From (13.171) . we can deduce 
/ e ( n+ i)_i = a n f e -\ for all n G Z. Taking it into (13.181) . we get / e _i = ^eafi, then 

/ e ( n +i)-i = a n \/eajl, \/n G Z. (3.19) 

Case 1: 6 = 0. Let n = —m,n = 1 in (13. 141) respectively, we get 

/iem-l + £t e (- m )-l = 0, (3.20) 

(2m - l)/i em -i - (2 - m)/i e _i = (2m - 2) / u e(m+1) _ 1 , Vm G Z. (3.21) 
Using induction on m > 2 in (13.2 1 j) . we obtain 

(2m — 3)" 

Mem-l = 2 m-2( m _ 2 )! ^ 62 - 1 ~ + "^-1, m > 2 - ( 3 - 22 ) 

On the other hand, let m = — 3,n = 1 in (13.141) and use (13.201) . (I3.22p . we have 
/4 2 _! - 2// £ _i = 0. So 

Hem-i = m^e-i, Vm G Z. (3.23) 
Let m = — 1 in (I3.16P and use (I3.23j) . (13.191) . we obtain 

e e ( n+ i)_! = 2e(n + l)fi t ^ ly /eajl, Wn G Z. (3.24) 

From (I3.15P and (13. 23 p . we have 

mne(m - n)ii\_ x + mA em _i - nA en _i = (m - n)A e ( m+n )_ x . (3.25) 

Let m + n = in (I3.25j) , we have 

A em _! + A e( _ m) _! = 2A_ X + 2m 2 e/i 2 _ 1 , Vm G Z. (3.26) 

Let n = 1 in (13.251) and use induction on m, we obtain 

A em _i = (m-l)(A e2 _i-A e _ 1 ) + (m-l)(m-2)e/i 2 _ 1 + A e _i, m > 1. (3.27) 

On the other hand, let m = — 2,n = 1 and m = — 5,n = 3 in (I3.25P respectively and 
use fl3T26D . f[3T2Tj) . then 

-Ae^ + 2A_i + 2A e2 -i - 4A e _i = 0, -4e/i 2 _ 1 + 3A_i + 3A e2 -i - 6A e _i = 0. 

Combine the two identities, we get 

A_i = -A e2 _i + 2A e _i and /i e _i = 0. 

So 

A em _i = m(A e _i - A_i) + A_i, Vm G Z. 
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Set A e _i — A_i = c, A_i = d, then 

a(L n ) = ea n L en + a n (nc + d)/ e „-i, (3.28) 

a(I n ) = a>J e(n+ i)_i, a(Y n+ i) = a n y/eaji Y e(n+1) _ 1+ i , (3.29) 

for all n G Z. Where G C*,c, d G C, e = ±1. Denote by er(e, a, /i, c, d) the 

automorphism of W 9 (1,0) satisfying (I3.28|) and (13.291) . then 

a(ei, ax, nx, cx, dx)a(e 2 , a 2 , fi2, c 2 , d 2 ) = a(e 1 e 2 , a{ 2 a 2 , afVi/^, cx+a^ 1 ii\c 2 , e 2 di+aj~ 1 n\d 2 ) , 

(3.30) 

and a(ei,ai,/ii,ci,c?i) = &(e 2 ,a 2 , /j< 2 ,c 2 ,d 2 ) if and only if ei = e 2 , «i = a 2 , \i x = [i 2 -> 
cx = c 2 , dx = d 2 . Let 

a € = a(e, 1, 1,0,0), f QjAt = a(l, a, /i, 0, 0), ^ Cid = 1, 1, c, d) 

a 3 = {a e | e G {±1}}, b 3 = {r aiAt | a, n G C*}, c 3 = {a Cjd | c, d G C}. 
Similar to the discussion in the lemma 13. 3\ we have the same results 

Aut(W 9 (l,0)) = (3c 3 ) x (03 x b 3 ) S (C°° x C°°) x (Z 2 x (C* x C*)). 

Case 2: b = 1. We have A_i = 0, so a(L ) = eL . Let m + n = in (gSgj) and f l3TT5|) . 
we have 

/iem-l + )"e(-m)-l = 0, (3.31) 

Hem-lHe(-m)-X = 0, (3.32) 

for all m G Z. From ( I3.3ip and (13.321) . we can deduce that 

Hem-\ = 0, Vm G Z. 
Consequently, by (I3.15p . we have 

(m + n)(A em _i - A en _i) = (m - n)A e(m+n) _i (3.33) 

Let n = — 1 in ( I3.33P and use induction on m, we get 

777,(772 — 1 ) 

A em _i = (A e _i + A_ e _i) + mXe-x, Vm G Z. 

By (13.16p . we have 

(m + l)e e ( m+n+ i)_i = (m + n + l)e e(m+ i)_i. (3.34) 
Let m = in (I3.34p . we get 

e e(n+ i)_i = (n + l)e e _i, Vn G Z. 

Set c = £ 1 — d = A e _i — c, e = e e _i, then 

a(L n ) = ea n L tn + a n n(nc + d)I en -x, a(I n ) = a n fil 6 ( n+1 yx, (3.35) 
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H Y n+i) = + l)e/ e( „+i)-i + a n y/eajl F e(n+1) _ 1+ i, (3.36) 
for all n G Z. Where c, d, e G C, a, fi G C*, e = ±1. If a is a linear operator 
on W 9 (a,6) satisfying f !3.35|) and (I3.36j) for some a,fi G C*, then it is easy to check 
that er G Aut (W 5 (a, 6)). Denote by a(e,a, fi,c,d,e) the automorphism of W 9 (l, 1) 
satisfying (13.351) and (13.36!) . then 

a(ei, ati, /ii, ci, di, ei)a(e 2 , a 2 , A* 2 , C2, d 2 , e 2 ) (3.37) 

= a{e x e 2 , a\ 2 a 2 , afVi^, e2Ci + Vi c 2, di + a^Vi^2, ai 2 ~Vi e 2 + ai 2_1 e2ei v /e 2 o; 2 /i 2 ), 

and CT(ei,a;i,//i,ci,di,ei) = a(e 2 , a 2 , ^2, c 2 , d 2 , e 2 ) if and only if e x = e 2 , «i = a 2 , 
Hi = /i 2 , ci = c 2 , di = d 2 , e x = e 2 . Let 

a e = a(e, 1, 1,0,0,0), f a , M = a, ^, 0, 0, 0), a c>d>e = a-(l, 1, 1, c, d, e) 

a 3 = {a £ I e G {±1}}, b 3 = {f a>/1 | a, /i G C*}, c 3 = {d- Cjdje | c,d,eE C}. 

From (I3.37p . we can see that a 3 , b 3 , c 3 , are subgroups of Aut(W 9 (l, 1)). Similar to the 
discussion in lemma 13.31 and [22] , we have 

Aut(W 9 (l, 1)) = pc 3 ) x (a 3 k b 3 ) S (C°° x C°°) x (Z 2 k (C* x C*)). 

Case 3: 6 7^ 0, 1. We always have A_i = 0. Let n = —m,n = 1 in ( 13. 14ft respectively, 
we have 

(3 - b){fJL €m -l + /ie(-m)-l) = 0, (3.38) 

(2m + b - l)/i em _i - [2 + (6 - l)m]// e _i = 2(m - l)/i e ( m +i)-i- 

That is 

2(m - l)[/i e ( m+1 )_! - (m + l)/i e _i] = (2m + b - l)[/i em -i - m// e _i]. (3.39) 
Subcase 3.1: 6 7^ 3. From (13.381) . we have 

/i £ (_ m) _i = -fiem-i, Vm G Z. (3.40) 
So using induction on m > 2 in (I3.39j) . we obtain 

(3 + 6)(5 + 6)---(2m-3 + 6), 
Hem-i = (2m -4)!! {^2-1 -2/4_i) +m/i e _i,m > 3. (3.41) 

On the other hand, let m = 3, n = — 1 in (I3.14p and use (I3.40p . (13.411) we have 

(5 + 46 - 6 2 )/i e2 _ 1 = 2(5 + 46 - 6 2 )/i e _i. (3.42) 
If 5 + 46 — b 2 7^ 0, that is 6 7^ — 1 and 6 7^ 5, then /i e2 _i = 2// e _!. Consequently, 

/i em _i = m/i £ _i, Vm G Z. 

From ( I3.15p . we have 

mne(m - n)/i 2 _ 1 + A em _i(m + bn) - A en _i(n + 6m) = (m - n)A e ( n+m )-i- (3.43) 
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Let n = — 1, m + n = in 1 13. 43 p respectively, we get 

- m(m + l)e/i^_! + A em _i(m - b) - A e( _i)_i(-1 + bm) = (m + l)A e(m _i)_i (3.44) 

(1 - 6)(A £m _! + A e( _ m) _!) = 2emVe_i (3.45) 
Let m = 2 in ( 13. 44ft and use ( 13.45(1 . we have 

(-4 + 26)e^_ 1 + (2 - 6)(1 - 6)A e2 _i = (1 - b) (4 - 26)A e _! (3.46) 
If & j£ 2, we have 

2e^_i + 2(1 - 6)A e _! = (1 - 6)A e2 _x (3.47) 

Using (I3.45p . we obtain 

A e2 _! = 3A e _ 1 + A e( _i ) _ 1 . (3.48) 

Similarly, we also get 

A e 3-i = 6A e _i + 3A e (_i)_i 

Then induction on m in 113. 44p and using 113. 45p and (13.481) . we have 

m(m + 1) mOm — 1) m(m — l) r 
A em -i = z o A £ (_i)_i = [A e _i+A e (_i)_iJ+mA £ _i, Vm G Z. 

Let m = 0, n = 1 and m = — 1 in (13.161) respectively, we have 

(&+l)(e £2 -i-2e £ _i) = (3.49) 

and ^ 

— 2— e en _i - 6e_i = -eafi en -xf-i, n ^ 0. (3.50) 

From the two identities, we have e_i = if 6 7^ — 1. So 

-2ena/i e _i/_i 

e en _i = , Vn G Z. 

o — l 



Consequently, by 113. 19p . we get 

-2e(n + l)/i e _i v /ea/i 



?e(n+l)-l 



Vn G Z. 



6-1 

Set Ag - 1+A 2 t( - 1) - 1 = c, A £ _! = d, then by f l3T45]) . /i £ _! = ^(1 - b)c. So we get 

a(L n ) = ea n L tn + a n n{{n - l)c + d)/ OT -i + c^v 7 ^ 1 - 6)cF m _ 1+ i, (3.51) 

a(Z„) = a>/e(n+i)-i, (3.52) 

ff(K„ + i) = a — h{n+i)-i + a yfeajl Y <n+1) _ 1+ i, (3.53) 

for all n G Z. Where c, G C, «, /i G C*, e = ±1. Similar to the discussion in lemma 



13.31 we have 

Aut(W 9 (l, b)) (C°° x C°°) x (Z 2 x (C* x C*)), b ^ 0, 1, 2, 3, -1, 5. 
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If b = 2, Induction on m in ( 13. 44ft and using (13.451) . we have 

m(m — 1) (m + 1) m(m — l)(m — 2) mim — 2)(m + 2) 

A em -i = A e 2-i A e _i+A e (_ 1 )_ 1 J A e _i, 

o o 3 

for all m G Z. Similar to the above discussion, we have 

Aut(W 9 (l,2)) = (C°° x C°°) x (Z 2 K (C* x C*)). 
If 6 = -1, by ([SH, we have 

(3.54) 

Let n = 1 in (I3.54j) and induction on m > 1, according to (I3.40p . we still get 
fiem-i = m^e-i f° r an m G Z. By (I3.50p . we obtain e en _i = ecm// e _i/_i + e_i for 
all n G Z. We still have the following result 

Aut(W 9 (l, -1)) = (C°° x C°°) x (Z 2 x (C* x C*)). 

lib = 5, by ( ED , we get 

m(m — l)(m + 1) 

Mem-i = ^ (^2-1 - 2/x e _i) + m/i e _i, Vm G Z. 

o 

Let m + n = 0,n = lin (13.151) respectively, for all m G Z, we have 

2(A em _i + A e (_ m )_i) = — e//g m _ 1 , (3.55) 

e(m - l)/i em _i/i e _i + (m + 5)A em „i - (1 + 5m)A e _i = (m - l)A e(m+ i)_i. (3.56) 
Let m = ±2 in ( 13 . 56f) respectively and use (13 .55 \\ . we obtain 

A. 2 - 1 = - e( ^ 2 ' 1 2 "^' l)2 +2A £ _ 1 , (3.57) 
7 

A e3 _i = e/i e2 -i/i e -i - 2 e (^2-i - A^e-i) 2 + 3A e _i. (3.58) 
On the other hand, let m = — 3 in (I3.56f) and use (13.551) . (I3.5TH . we have 

A e3 _i = 26e/i e2 -i/i e -i - y e ^ 2 -i - 8e A4-i + 3A e _i. (3.59) 
Combine (13.581) and (13.591) . we still get 

/i £ 2-l = 2/i e _x- 

So 

/4m-i = ^e-i, Vm G Z. 
Consequently, we get the complete same results as the above lemma, that is 

Aut(W 3 (l,5)) (C°° x C°°) x (Z 2 x (C* x C*)). 



31 

Subcase 3.2: b = 3. Letting n = ±1 in (I3.14p respectively and using induction on m, 
we can deduce 

(/i e _i + /4(_i)_i) + m/i e _i, Vm G Z. (3.60) 

Let m + n = 0,n=lin ( 13. 1 5f) respectively, for all m 6 Z, we have 

— m) — 1 E/^em-l/^e(-m)-l! 

(3.61) 

e(m - l)/i em _i/i e _i + (m + 3)A em _i - (1 + 3m)A e _i = (m - l)A e(m+ i)_i. (3.62) 

Induction on m > 2 in (I3.62p and computation by computer, we obtain 

m(m — 1) 2 m(m 3 + m — 2) 
Km-i = mA e _i - e^ e _ x H e(/4_i + /i e( _i)_i)/i e __i, m > 2. 

(3.63) 

At the same time, let m = —3n in ( 13.151) . we have 

A e (-2n)-i = -2A en _i + e/i e( _ 3n )_i/i m _i, Vn G Z. (3.64) 
Let n = —2 and n = 1 in f !3.64j) and use (13.601) . we have 

A £4 -i = 4A e _i + 15e^_! + 45e/i^ ( _ 1) _ 1 + 66e// e _i/i e (_i)_i. (3.65) 
On the other hand, by (13.631) . we have 

A e4 _i = 4A e _i + 60e^_ 1 + 66e// e _i/i e (_i)_i. (3.66) 
Compare f!3.65j) with (I3.66p . we obtain 

2 2 
Z^e-l = ^e(-l)-l 

If [Ae-i = — by (I3.60p . (I3.6ip and (I3.63p . we have 

m(m — 1 ) 

Hem-l = m/J<e-l, Km-\ = ™A f _i H - (A e _l + A e (_l)_l), Vm G Z. 

Similar to the discussion in lemma 13. 3[ we get 

Aut(W 9 (l,3)) (C°° x C°°) x (Z 2 k (C* x C*)). 
If = /i e (-i)-i, by (I3.60p . (I3.6ip and (I3.63p . we have 

771 ( 111^ — 

yu em _i = m 2 /i e -i, A em _i = mA f _i H - (A e _i + A e( _i)_i), Vm G Z. 

Set 1 — £( ~ - 1 = c, — — - 1 = d, then ^ e _i = y/2ce. Consequently, we have 

2 2 

a(L n ) = ect n L m + a n n(n 3 c + d)/ en _i + a n n 2 V2ecY en _ 1+ i, (3.67) 
ct(/„) = (3.68) 
v(Yn+i) = -a n e(n + 1) y / 2c^ul e(n+1) _i + a n y/eafl F e(n+1) _ 1+1) (3.69) 



32 

for all n G Z, where c, d 6 C, a, \i G C*, e = 
13.31 we still have 



±1. Similar to the discussion in lemma 



Aut(W 9 (l,3)) = (C°° x C°°) x (Z 2 k (C* x C*)). 

□ 

By lemma 13. 2113. 4[ we get the main theorem of this section. 
Theorem 3.5. 

f (C°° x C°°) x (C* x C*), ifa&Z, 
Aut(W g (a,6)) = <^ V ' K 

[ (C°° x C°°) x (Z 2 k (C* x C*)), otherwise. 

where C°° = {(aj)i e z a t G C, all but a finite number of the a 4 are zero }, and 
Z 2 = Z/2Z, C* = C\{0}. 

□ 
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